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A REPRESENTATION THEOREM FOR ARCHIMEDEAN 
QUADRATIC MODULES ON *-RINGS 
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Abstract. We present a new approach to noncommutative real algebraic ge- 
ometry based on the representation theory of C*-algebras. An important result 
in commutative real algebraic geometry is Jacobi's representation theorem for 
archimedean quadratic modules on commutative rings, |13l Theorem 5], We 
show that this theorem is a consequence of the Gelfand-Naimark represen- 

r/*\ ' tation theorem for commutative C*-algebras. A noncommutative version of 

Gelfand-Naimark theory was studied by I. Fujimoto in 10, 1T1 IT21 , We use his 
results to generalize Jacobi's theorem to associative rings with involution. 
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1. Introduction 



Jacobi's representation theorem [13| Theorem 5] is important in the study of 
positive polynomials on compact semialgebraic sets. Its history and applications 
are surveyed in [55] ■ We will 

• give a functional-analytic proof of this theorem, 

• extend it from commutative rings to noncommutative *-rings. 
£SJ , Our motivation comes from noncommutative real algebraic geometry; see |20) . We 

hope that this paper will convince the reader that irreducible ^-representations 
should be considered as points of this geometry. The problem of extending Posi- 
t ' tivstellensatz to this context remains open. 

Our work may also be of some interest to functional analysts: In Section [3] we 
characterize real C*-algebras within the class 

M. = { (A, M) : M is an m-admissible wedge on an involutive ring A} 

and extend the notion of an enveloping C*-algebra from the subclass of Banach 
r\ , ^-algebras to M.. In Section [5J we state and prove the real version of Fujimoto's 

C$ ' CP-convexity Gelfand-Naimark theorem [T2] . 

As a motivation for later sections we present now our version of Jacobi's represen- 
tation theorem for the special case of commutative *-rings. Let R be a commutative 
unital ring with involution *, write 

Sym(.R) = {a e R: a = a*} and R + = {J2i did* : a t G R}. 

A subset M of Sym(i?) is an archimedean quadratic module if — 1 $■ M, 1 G M, 
M + M C M, R + M £ M and for every a € Sym(R) there exists n G N such that 
n ± a G M. Write 

Arch(Af) = {a G Sym(R) : Vn G N 3k G N: fc(l + no) G M). 
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The conjugation <f> t— ► <f>, 4>{a) = 4>(a) is an automorphism of order 2 on 

Xm = {(!>'■ R —* C: <fi &* -ring homomorphism such that (j)(M) > 0}. 
We equip Xm with the topology of pointwise convergence. Finally, let 



C(X M , -) = {/ G C(Jf M) C) : /(</») - /(</>) for every G X M } 

with the natural involution / i— ► /*, f*(<j>) = f{<f>)- In the original Jacobi's theorem 
* = identity, and hence C(Xm,—) = C(Xm,^) and all elements of Xm are real 
valued. 

Theorem 1. Let M be an archimedean quadratic module on a commutative unital 
*-ring R. Then the space Xm is nonempty and compact. Moreover, the mapping 

$:R->C(X M ,~), *(o)(0) = 0(a), 

is a homomorphism of unital *-rings, Q ■ $(i?) is dense in C(Xm, —), and 

$- 1 (C+(X M ,-))=Arch(Af). 

Proof. Let R and M be as above. For every a £ R write 

nA/(a) = inf{- : r, s £ N, r 2 - s 2 aa* G M}. 
s 

We will prove in Section [3] that I(M) = {a £ R: n^/(a) = 0} is a *-ideal of R and 

that njvf induces a norm on R/I(M). Moreover, the completion Rm of R/I(M) in 

this norm is an abelian real C*-algebra. Also, the canonical mapping j : R — > Rm 

is a homomorphism of *-rings and j~ 1 ((Rm) + ) = Arch(M). 

Let Ym the set of all real *-algebra homomorphisms Rm — > C with the topology 
of pointwise convergence. We will see in Section [4] that the mapping Ym ~ * Xm, 
ip i— * ip o j has an inverse r : Xm ~^ Ym , which factors an element of Xm through 
R/I(M) and extends it by continuity to an clement of Ym- The mapping r is a 
homeomorphism with respect to the topologies of pointwise convergence on Xm and 
Ym and it commutes with the conjugations on Xm and Ym- It induces a mapping 
f: C(Ym,~- ) —* C(Xm,—),/ i-t/of, which is one-to-one and onto, an isometry, 
and satisfies ^{C+IXm, -)) = C+(r A/ , -). 

Note that Km coincides with the spectral space Q(Rm)', see [17l Definition 2.7.1, 
Theorem 5.2.10 and Theorem 3.2.3 (7) =4> (4)]. Since fi(i? M ) is nonempty by [171 
Theorem 2.7.3] and compact by [I7J Theorem 2.7.2 (4)], so also are Xm and Ym- 
The Gelfand transform T: Rm — > C(1m) -),r(a)(ii) = i/'ta) is a ^-isomorphism by 
[17] Proposition 5.1.4] and satisfies r -1 (C+(YM,-)) = (^a/) + by [T7J Proposition 
5.2.2 (3) and Theorem 2.7.2 (4)]. 

The mapping $ can be decomposed as $ = i o T o f. Since j, T, f are homomor- 
phisms, so is <fr. Since Q • j(R) is dense in Rm and r,f are isometries, it follows 
that Q ■ $(i?) = f(r(Q • j(-R))) is dense in C(X M , -)• Since f- x {C+{X M ,-)) = 
C+{Y M ,-), r- x (C+(y M ,-)) = (#m) + and r 1 ((^M)+) = Arch(M), it follows 
that $- l (C + {X M , -j) = Arch(Af). D 

The main difference in the noncommutative case is that we replace homomor- 
phisms by topologically irreducible representations on a Hilbert space of a suffi- 
ciently high dimension. A noncommutative version of Gelfand's theory is provided 
by Fujimoto's CP-convexity theory. In Section [6] we shall compare our theory with 
the theory of *-orderings on *-rings. Recent generalizations of Jacobi's theorem by 
M. Marshall [211 Theorem 2.3] and I. Klep [16] are not considered here. 
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2. Quadratic modules, definition and examples 

Let A be a unital ring with involution and Sym(A) ={a£ A\a = a*}. A subset 
M C SymA is called a quadratic module if 

(1) -1 g A/, 

(2) 1 e M, 

(3) M + M C M, 

(4) flMa' C M for every a £ A. 

In [27j . the term m-admissible wedge is used. If * = identity, then our definition 
coincides with the definition of a quadratic module in [24 . 

Write A + for the set of all finite sums J2i a i a i- This is consistent with the 
notation Z + ,Q + ,M + , C + . Clearly, A + C M for every quadratic module M. Thus: 

Lemma 2. The following are equivalent: 

(1) -1 $ A+, 

(2) A + is a quadratic module on A, 

(3) A /ias at least one quadratic module. 

A quadratic module M on A is archimedean if for every a € A there exist n S N 
such that n — aa* £ M . 

Example 1. If A = RLYi, . . . , X n ] with * = identity then -1 ^ A + . The quadratic 
module A + is not archimedean. A quadratic module M C A is archimedean if and 
only if there exists m £ N such that m — Y^ii=i ^? e -^i see [13 5.2.2: Putinar's 
criterion] . 

Example 2. Let A be a real or complex Banach ^-algebra. Then A + is an 
archimedean quadratic module on A. 

Example 3. Let A = k[G] where G is any group and k is Q, M or C For every 
element a = J^ a^i € A write 

a* = X)^ -1 ' H a lli = 5Zl ai l- 

i i 

Clearly, a i— > a* is an involution on ^4 and || • ||i is a norm on the *-ring A. Since 
\\a\\l -aa*=Y: k^l(l - ^L gi gf)(l - f^W 1 )* € M 

for every a £ A, A + is an archimedean quadratic module on A. 

Finally, we have several general constructions for producing new quadratic mod- 
ules from old ones. 

Example 4. For every quadratic module M on A and for every subset S C Sym(A) 
write 

Ms := {^2 aijC l a* j : aij £ A,a £ M U S}. 

i,3 

Note that M(S) is a quadratic module if and only if — 1 ^ Mg. In this case Mg is 
the smallest quadratic module which contains M and 5". 

Example 5. Let M be a quadratic module in A. Then 

M e := {a £ A: ka £ M for some k £ N} 



4 JAKOB CIMPRIC 

is a quadratic module on A, 

M (g) Q+ := {^2 mi^n: rme M, n € Q + } 

i 

is a quadratic module on A Q, and 

(M(g)Q+)n^ = M e . 

This example shows that we may always assume without loss of generality that 
Qc4 and M — M e . (This works even if (A, +) has nonzero torsion.) 

Example 6. Let A be a unital *-ring. The complcxification A° of A is the set 
Ax A with the following operations: 

(!) (x, y) + (u, v) = (x + u,y + v), 

(2) ~{x,y) = (-x,-y), 

( 3 ) (x,y)(u, v) = {xu-yv,xv + yu), 

(4) (x,y)* = (x*,-y*). 

Note that A° is also a unital *-ring with unit (1, 0). The element i = (0, 1) behaves 
as imaginary unit. 

Let M be a quadratic module on A Define 

M ° :={^K' 5 i)( TO i'°)K' 5 i)* : a *' 5 * e Am; GM}. 

Note that M° is a quadratic module on A° . 

Example 7. Let A be a unital *-ring and n G N. The set Mat„(A) of all n x n 
matrices with entries in A is a unital *-ring with involution [a^]* = [a*J- 
Let M be a quadratic module on A We define 



M„ := {£ 



°ij 



-<nj 



Z i L a lj ' ' ' a nj 



j] : m G M, ay G ^}. 



Clearly, M„ is a quadratic module on Mat„(A). 

3. The C*-algebra of an Archimedean quadratic module 

From now on we assume that every *-ring is unital and contains Q. 

Lemma 3. Let M be a quadratic module on a *-ring A. For every c G Sym(A) 
and every r G Q + we have r 2 — c 2 G M if and only if r ± c G M . 

Proof. If r 2 - c 2 G M, then 

r±c=—Ur±c) 2 + (r 2 - c 2 )) G M. 
2r v y 

If r ± c G M, then 

r 2 -c 2 = — ((r -c)(r + c)(r-c) + (r + c)(r - c)(r + c)) G M. 

□ 
For every element a€ i write 

n M (a) = inf{r G Q + : r 2 - aa* G M}. 
We use the convention inf = oo. 
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Theorem 4. Let M be a quadratic module on a *-ring A and n = njvf. For every 
a,b G A and every t G Q we have 

(1) n(ta) = \t\n(a), 

(2) n(o)=n(o*) J 

(3) n(ob) <n(o)n(6), 

(4) n(a + 6) <n(a) + n(6), 

(5) n(aa*) = n(a) 2 ; 

(6) n(a) 2 < n(aa*+66*). 

If there exists an element i in the center of A such that i* — —i and i 2 = —1, then 
the assertion (1) holds for every t G Q(i). 

Proof. The assertion (1) is trivial and assertion (5) is a consequence of Lemma |3] 
To prove the assertion (2), it suffices to show that n(a*) < n(a) for every a G A 
This is clear if n(a) = oo. Otherwise pick any r G Q + such that n(a) < r. Since 

2 2 

(H) 2 - (— - a*a) 2 = a*(r 2 - aa*)a € M, 

it follows that y±(^ — a*a) G M by Lemma|31 Hence n(o*) < r. 

The ssertions (3) and (4) are true if either n(a) = oo or n(6) = oo. Otherwise, 
pick any r, s € Q + such that n(a) < r and n(6) < s. Since r 2 — sa* £ M and 
s 2 - bb* G M, it follows that 

r 2 s 2 - (ab)(ab)* = s(r 2 - aa*)s + a(s 2 - bb*)a* G M, 

so that n(a6) < rs, proving (3). Since n(ab*) < rs and n(6a*) < rs by assertions 
(2) and (3), we have that 

4r 2 s 2 -(a6*+6a*) 2 = 2(r 2 s 2 -ab*ba*)+2(r 2 s 2 -ba*ab*)+{ab*-ba*){ab*-ba*)* G M. 

As 2rs ± (a6* + 6a*) G M by Lemma |31 we get 

(r + s) 2 - (a ± 6) (a ± 6)* = r 2 - aa* + s 2 - 6fe* + 2rs ± (ab* + ba*) G M. 

So, n(a ±6) < r + s, proving (4). 

If n(aa* + 66*) < r for some r, then r — aa* — 66* G M by Lemma |3] Since 
66* G M, it follows that r — aa* G M. Therefore n(a) < y/r, proving (6). D 

Let us say that an element a G A is bounded with respect to M if njvf (a) < oo, 
and infinitesimal with respect to M if njy(a) = 0. Write B(M) for the set of 
all bounded elements and I(M) for the set of all infinitesimal elements (of A with 
respect to M). Theorem |4] implies the following result: 

Corollary 5. Take A and M as above. 

B(Af) is a *-subring of A and l(M) is a two-sided *-ideal in B(Af). 

The mapping njvf induces a norm \\ ■ \\ on B(A/)/I(Af). Denote by Am the 
completion o/B(Af )/ I(Af ) with respect to this norm. Then Am is a real C* -algebra. 

If there exists an element i in the center of A such that i* = —i and i 2 = —1. 
then Am is a complex C* -algebra. 

Property (6) from Theorem[4]is very important in the theory of real C*-algebras, 
because a C*-norm with this property extends to a C*-norm on the complexification 
of the algebra; see 22J. The spectral and representation theory of such real C*- 
algebras work as in the complex case; we refer to [U [5] or [17] . 
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Example 8. Let A be either a real C*-algebra with the property |ja|| 2 < ||aa*+6&*|| 
for all a, b £ A or a complex C*-algcbra. If M = A + then 

||a|| = njy(a) for every a £ A, 

so that A = A_w Namely, [U Corollary 4.2.1.16] says that for every x £ Sym(A), 
||x|| < r if and only if rl ± x € A + if and only if a(x) £ [— r, r\. 

Example 9. If M° is as in Example then (A ) AJO = {A M )° ■ If M n is as in 
Example then Mat„(A)M„ — Mat„(^4M)- We omit the proofs because they are 
straightforward and because we will not use these results in the sequel. 

For every archimedean quadratic module M on a *-ring A the seminorm nj,f 
defines a topology on A with basis B(a,e) = {b £ A: njvf(6 — a) < e}. Write 
Arch(M) for the nM-closure of M and Int(M) for the nM-interior of M in A. Note: 

Lemma 6. Let A, M, nj,/ be as above and x £ Sym(j4). The following properties 
of x are equivalent: 

(1) x £ Arch(M) 7 

(2) nj.f(r — x) < r for some r £ Q >0 such that r > nj«(i), 

(3) r + x £ M for every r £ Q >0 . 

Similarly, the following properties of x are also equivalent: 

(1) x £ Int(Af), 

(2) nj,/(r — x) < r for some r £ Q >0 such that r > xim (%), 

(3) x £ r + M for some r £ Q >0 . 

The following result is useful: 

Theorem 7. Let A, M be as above and denote by j : A — > Am the canonical 
mapping. For every x £ Sym(vl), 

(1) x £ Arch(M) if and only if j(x) £ (A M ) + , 

(2) x £ Int(M) if and only if j(x) £ (A M ) + n inv(ylAf). 

Proof. To prove the assertion (1) pick any x £ Sym(A). By LemmalU x £ Arch(M) 
if and only if nnfr — x) < r for some rational r > tim(x). Since njvf(a) = ||j(a)|| 
for every a £ A, nif(r — x) < r is equivalent to \\r — j(x)\\ < r. By Example [5] and 
Lemma|6l this is equivalent to j(x) £ (Am) + ■ The assertion (2) is similar. D 

Theorem [7] implies the following generalization to C*-algebras of the famous 
Stone's characterization of rings of continuous functions [2"8] , 

Corollary 8. Let M be a quadratic module on a *-ring A. Then A is a C* -algebra 
with positive cone M if and only if 

(1) Mn-M = {0} ; 

(2) M is archimedean, i.e. B(M) = A, 

(3) M = Arch(M), 

(4) A is complete in the norm vim- 

The following two examples will follow from Theorem [12] in Section [4j 

Example 10. If A is a real or complex unital Banach ^-algebra and M = A + 
then Am is exactly the C*-enveloping of A; see [6j 2.7.2]. Namely, by the assertion 
(1) of Theorem [TH tlm coincides with the C* -seminorm || • ||' in the sense of [SI 
Proposition 2.7.1]. 
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Example 11. Let G be any group, and denote by C[G] its group ring and by L 1 (G) 
the completion of C[G] in the norm || • ||i of Example EB Note that L 1 (G) is an 
involutive complex Banach algebra. Its enveloping C*-algebra is denoted by C*(G) 
and called the C* -algebra of G; see Section 13.9]. If A = C[G] and M = A+, 
then A M = C*(G). 

4. M-POSITIVE MAPPINGS 

A positive form on a *-ring A is a mapping /: A — > C such that f(a + b) = 
/(a) + /(&), /(a*) = /(a) and /(aa*) > for every a,b E A. 

Proposition 9. Let M be an archimedean quadratic module on a *-ring A. For 
every positive form f on A, the following properties are equivalent: 

(1) f(M) > 0. 

(2) |/(s)| < n M (s)/(l) for every s E Sym(A), 

(3) |/(o)| < n M (a)/(l) for every a E A. 

Proof. Assume that (1) is true and pick s E Sym(A). For every r E <Q> + such that 
iim(s) < r, we have that r 2 — s 2 E M, hence r ± s E M by Lemma [3) Since 
f(M) > 0, it follows that r/(l) ± f(s) = f(r± s) > 0, hence \f(s)\ < rf{\). 
Therefore (2) is true. Conversely, if (2) is true, pick m E M and r E Q + such that 
n M (m) < r. By Lemma© n M (r-m) < r. By (2), |r/(l)-/(m)| < n M (r-m)/(l). 
It follows that f(m) > 0. Hence (1) is true. 

Assume now that (2) is true and pick a E A. By the Cauchy-Schwartz inequality, 
we have \f(a)\ 2 < f(aa*)f(l). Applying (2) with s = aa* , we get f(aa*) < 
n M (aa*)f(l). Finally n M (aa*) = ri M (a) 2 by Theorem|U It follows that (2) is true. 
Clearly, (3) implies (2). D 

Let A be a *-ring and H a complex Hilbert space. A representation of A on H 
is a (non-unital) homomorphism of *-rings. Let us say that a representation ip of 
A on H is M-positive if 7r(m) is positive semidefmite for every m E M. 

Proposition 10. Let M be an archimedean quadratic module on *-ring A and H a 
complex Hilbert space. Then every M -positive representation ip of A on H satisfies 
||^a)||<n M (*(l)||. 

Proof. Pick V € Rep%(A, H). For every £ E H and a E A write f^(a) = 
(ip(a)£,t;). Clearly, each /^ is a positive form and /g(M) > 0. By Proposition 
El \fd s )\ ^ "-m(s)/j(1) for every s E A. It follows that for every a E A, H^(a) || 2 = 
SU p c Wg|g£l|) = sup? M^Ml < n M (a*a)sup 4 ^H = n M (a) 2 ||V(l)||. □ 

A representation ^ of a *-ring A on a complex Hilbert space H is irreducible 
(resp. cyclic) if ^(^4)? is dense in H^, := ip(A)H for every (resp. for some) £ E H. 

Lemma 11. Let M be a quadratic module on a *-ring A. For a complex Hilbert 
space H there are natural one-to-one correspondences between 

(1) the set Rep z (A, H) of all M-positive representations of A on H, 

(2) the set Hep R (AM,H) of all ]&-linear representations of Am on H, 

(3) the set Rep(( J 4jv/)°, H) of all C-linear representations of {Am)° on H . 

The correspondences preserve the property of being irreducible or cyclic. 
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Proof. Every M-positive representation of A on H is continuous with respect to njn 
by Proposition [lOl Hence, it can be factored through A/ l(M) and then extended 
by continuity to Am- The continuity implies that the extension to Am is R-linear. 
The converse mapping is given by ip i— ► ip o j ; see Theorem [7] 

Every R-linear representation ip of B = Am on i? extends to a C-linear repre- 
sentation ip° of 5° on F by ip°(b',b") = V(&0 + iip(b") for every 6', 6" G B. The 
converse mapping is the restriction mapping it *—> tt\b- D 

Write Irr z (j4, F), IrrtfAM)^) and Irr((AM)°,F) for the corresponding sets 
of irreducible representations. Write Irr z (A) = {J H Irr z (A, H) where H runs 
through all complex Hilbert spaces. 

Theorem 12. Let M be an archimedean quadratic module on A and a G A. Then: 

(1) n M (a) = sup^g^M^ \\ip(a}\\, 

(2) a £ Arch(M) if and only if ip(a) is positive semidefinite for every ip £ 

(3) a £ Int(Af) if and only if ip(a) is positive definite for every ip £ Irr z (A). 

Proof. By Lemma [11] and Theorem [7] we may assume that A is a complex C*- 
algebra and M = A + . In this case, the results are known from Sections 2.6 
and 2.7]. Namely, assertion (1) follows from [6l 2.7.1 and 2.7.3], assertion (2) is a 
variant of [H 2.6.2] which follows from [6l 2.5.4] and Krein-Milman Theorem and 
assertion (3) is another variant of [SJ 2.6.2] which follows from [T5j remarks after 
Definition 2.14.6 and Proposition 2.3.13]. □ 

Let M be an archimedean quadratic module on a *-ring A. Write a>i(A,M) = 
sup 7re i rr M/ J 4\ dimi^Tf. Define a c (A, M) similarly, just replacing irreducible by cyclic 
representations. If H is a complex Hilbert space with dim_ff > cti(A,M), then 
every ireducible A/-positive representation of A can be realized on H. For such H 
Jir^(A) in Theoremrrjean be replaced by lug (A, H). Let Af(Irr^(A, H), L(H)) 
denote the set of all mappings 7: Irr z (A, H) — > L(H) such that 

(1) 7 is bounded (i.e. ||7|| := sup ff£lrr M (j4 H) \Yi{k)\\ < 00), 

(2) 7 is equivariant (i.e. "/(u*nu) — u*j(tt)u for every n £ Irr z (A, H) and 
every partial isometry u £ L(H) such that uu* > the projection on H v ), 

(3) 7 is uniformly continuous (with respect to the weak operator topology on 
L(H) and the topology of pointwise convergence on Irr z (A, H)). 

The set A u (Irr z (A,H),L(H)) is a complex C*-algebra for pointwise algebraic 
operations and the norm 7 1— ► ||7||. 

For every ir £ Irr%(A,H) define n £ Iti%(A,H) by w(a) = ir(a)* for every 
a£A. Write Af(Irrf (A,H),-) for the set of all 7 € Af (Irrf (A, H),L(H)) such 
that 7(77) = 7(71-)* for every tt £ Irr z f (A, iJ). Note that Af (Irr z f (A, F), -) is a real 
C*-subalgebra of Af (Irr^(A, F), 1(F)). Its positive cone Af (Irr^ (A, F), -)+ is 
equal to the set of all 7 £ A^(Irr z (A, F), — ) such that 7(7r) is positive semidefinite 
for every 7r 6 In% (A, H). 

We can rephrase Theorem [T2l as a generalization of Jacobi's theorem: 

Theorem 13. Let M be an archimedean quadratic module on a *-ring A and H a 
complex Hilbert space such that dim_ff > Oti(A, M). The evaluation mapping 

S: A -A* (Irrf (A, H),L{H)), *(o)(tt) = 7r(o), 
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is a *-homomorphism and an isometry. Moreover, 

Arch(M) = $- x (Af (Irrf (A, H ),-)+). 

When we compare Theorem 1131 with Theorem [TJ the following questions arise: 

(1) Is Q • 9(A) dense in A®(Irrf (A, H),-)1 

(2) Is Irr z (A, H) compact in the topology of pointwise convergence? 

The answer to question (1) is yes if dimiJ > a c (A, M); see Theorem [T6l Note 
that the properties (2) and (3) from the definition of A^(Irr z (A, H),L(H)) are not 
required in the proof of Theorem Q21 However, they will be required in the proof 
of Theorem [TBI We don't know the answer to question (1) if <Xi(A, M) < dimH < 
a c (A,M). 

We believe that the answer to question (2) is no (cf. [3]) but we don't have 
an explicit counterexample. There exists a natural compactification of Irr z (A, H), 
namely its closure in the set of all additive mappings ip: A — > L(H) of norm < 1. 
This follows from the fact that the unit ball of L(H) is compact in the weak operator 
topology. 

5. Real CP-convexity Gelfand-Naimark Theorem 

The aim of this section is to prove a real version of the CP-convexity Gelfand- 
Naimark theorem from [T^] similar to the real Gelfand-Naimark theorem from [T7] . 

Let A be a complex C*-algebra and H a complex Hilbert space. Let us denote 
by A u (Irr (A, H), L(H)) the set of all mappings n: Irr(A,H) — ► L(H) which are 
equivariant, bounded and uniformly continuous as above. Let a c (A) denote the 
supremum of dim H^ where tt runs through all cyclic representations of A on all 
complex Hilbert spaces. The CP-conveity Gelfand-Naimark theorem from [T^] says: 

Theorem 14. Let A be a complex C* -algebra and H a complex Hilbert space such 
that dim_ff > a c (A). The Gelfand transform 

g:A->A*Qrr(A,H),L(H)), g(c)(^)=^(c), 

is a * -isomorphism and an isometry. 

Now let us turn our attention to the real case. Let B be a real *-algebra with 
complexification B° and H a complex Hilbert space. Write A®(Jxr-g.(B, H),L(H)) 
for the set of all mappings r\: Iitr(.B, H) — > L(H) which are equivariant, bounded 
and uniformly continuous. Let s: Irr^(B,H) — » lrr(B° , H) denote the natural 
correspondence of Lemma 1111 The correspondence s is a homeomorphism with 
respect to the topologies of pointwise convergence. The mapping 

Al (Irr R (B, H),L(H)) -► A*Qn(B°,H),L(H)), n .-> sns~\ 

is an ^-isomorphism and isometry. 

For every p £ Irr^(B,H) we define p € hru(B,H) by p(b) — p(b)* for ev- 
ery b £ B. Write Af(ImR (£,#),-) for the set of all n e Af (Irr K (S, H), L{H)) 
such that j](p) = n(p)* for every p £ Itir(B,H). This is a real C*-subalgebra of 
A^ (Irr R [B,H),L(H)). The mapping 

gn-.B^ A*(IrMB,H),-), gu(b)(v) = v(b), 

will be called the real Gelfand transform. Since gw(b)(p) = p(b) = p(b)* = gs.(b)(p)* 
for every b € B, it follows that gm(b) £ A^(Irtu,(B, H), — ) for every b £ B. Hence 
5r is well defined. Clearly, <?r is a homomorphism of real *-algebras. 
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Theorem [15] is a real version of Theorem [14] 

Theorem 15. Let B be a real *-algebra and H a complex Hilbert space such that 
dimH > a c (B°). The real Gefand transform gg : B — > A u (IrrR(_B, H), — ) is a 
* -isomorphism and an isometry. 

Proof. We have a commutative diagram 

B° -U A%(kr(B°,H),L(H)) 

| rj i— ► sr/s^ 1 
B -£♦ A^Irrra^tf),-) 

where the vertical arrows are one-to-one. By Theorem ll41 g is one-to-one and onto. 
It follows that gu is one-to-one. It remains to show that <?r is onto. 

For every n £ Irr(B° , H) write 7f for the mapping defined by 7f(c) = 7r(c)* for 
c G B°. Note that p^ = (p)° for every p e Irr R (B, #). It follows that 

Af (1x1(5°, H), -) := {.S7/.S- 1 : V e Af (Irr R (i?, tf), -)} = 

= {7 e Af (Irr(B°, H),L(H)): 7(77) = 7(tt)* for all tt € Irr(B°,F)}. 

Pick any c e B°. Note that #(c)(7r)* = ff(c)(7f) for every n e Irr(yl ,i/). It 
follows that 5 (c) e A%(Irr(B°,H),-) if and only if g(c)(n)* = s(c)(tt)* for every 
7r G Irr(A°, _ff). Since g is one-to-one, this is equivalent to c = c. Since g is onto, it 
follows g(B) = Af (Irr(B°, if), -). Hence, g R is onto. □ 

The following corollary of Theorem [15] complements Theorem 1131 

Theorem 16. Let A, M, H and $ be as in Theorem\M If dimH > a c {A,M) 
thenQ- $(A) is dense in A® (Irr^ f {A, H), -). 

Proof. Let r: Irr z (A, H) — > IrrR(Ajvf,-ff) be the natural correspondence from 
Lemma [TT] Clearly, r is a homeomorphism with respect to the topologies of point- 
wise convergence and it induces a mapping 

r: A*Qxr™(A,H),-) ^ A*(IrT R (A M ,H),-), n^rnr' 1 , 

which is a ^-isomorphism and an isometry. The diagram 

A M ^ A*>(ln*(A M ,H),-) 

it T f 

A ^ ABQn£{A,H),-) 

is commutative. Since dimH > a c (A, M) — <x((Am)°), Theorem 1151 implies that 
5r is onto. We know from Theorem [T3] that g R is an isometry. It is clear from 
the construction of Am in Section [3] that Q • j{A) is dense in Am- Since g R and 
f are isometries and onto, it follows that Q • $(A) = r _1 (<7E(Q ■ j(A))) is dense in 
A^T^{A,H),L{H))=f-\ m {A M )). " ' □ 

6. Comments on *-orderings 

When functional analysts and real algebraic geometers talk about ordered com- 
plex *-algebras, they don't mean the same thing. For a functional analyst, an 
ordering on A is a cone on A, i.e. a subset C C Sym(A) such that C + C C C 
and E + C C C. For a real algebraic geometer, an ordering on A is usually a *- 
ordering, i.e. a subset P C Sym(A) such that P + P C P, aPa* C P for every 
a e A, st + ts € P for every s,i € P, P PI — P is a Jordan prime ideal and 
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P U — P = Sym(A); see [20]. Note that every ^-ordering is a cone. The full matrix 
ring Matn(C) (n > 2) is a typical example of a complex *-algebra that is ordered 
for a functional analyst and not orderable for a real algebraic geometer. Another 
example is group rings C[G] which are always orderable for a functional analyst and 
only in special cases (for certain orderable groups) for a real algebraic geometer. 

Let us recall the motivation for the definition of a ^-ordering. The most trivial 
example is (C,R + ). If A is a commutative complex ^-algebra and <fi: A — » C is 
a hermitian homomorphism, then P := 0~ 1 (R + ) n Sym(A) is a natural candidate 
for a ^-ordering. We list its algebraic properties (P + P C P, PP C P, aa* € P 
for every a E P, P ("I —P is a prime ideal and P U — P = Sym(A)) and take them 
as axioms of a ^-ordering. The noncommutative definition is a modification that 
makes most of the commutative theory work. 

A definition of an ordering that is not too restrictive for functional analysts and 
not too general for real algebraic geometers should follow the same steps as in the 
commutative case. Let us consider the set II n of all positive semidefinite hermitian 
matrices on Mat„(C) as the simplest ordering. Let A be a complex *-algebra, 
7r: A — v Mat n (C) an irreducible ^-representation and set P — 7r _1 (II n ) n Sym(A). 
The algebraic properties of P include the following: 

(1) P + PCP, 

(2) if a, b £ P commute, then ab G P, 

(3) aPa* C P for every a <E A, 

(4) P fl — P is the symmetric part of a prime ideal, 

(5) for every primitive hermitian idempotent e G A, eAe is linearly ordered by 
P n eAe. 

Similar orderings have been considered in pQ. It would be interesting to know 
whether an Artin-Schreier theory of such orderings can be developed. 
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